Grassmannian structures on manifolds are introduced as subbundles of the second order framebundle. The structure group is the isotropy group of a Grassmannian. It is shown that such a structure is the prolongation of a subbundle of the first order framebundle. A canonical normal connection is constructed from a Cartan connection on the bundle and a Grassmannian curvature tensor for the structure is derived.
Introduction
The theory of Cartan connections has lead S. Kobayashi and T. Nagano, in 1963, to present a rigourous construction of projective connections [3] . Their construction, relating the work of Eisenhart, Veblen, Thomas a.o. to the work of E. Cartan, has a universal character which we intend to use in the construction of Grassmannianlike structures on manifolds. The principal aim is to generalise Grassmannians in a similar way. By doing so we very closely follow their construction of a Cartan connection on a principal bundle subjected to curvature conditions and the derivation of a normal connection on the manifold.
The action of the projective group P l(n o ) on a Grassmannian G(l o , n o ) of l oplanes in IR no is induced from the natural action of Gl(n o ) on IR no . Let H be the isotropy group of this action at a fixed point e of G(l o , n o ). The generalisation will consist in the construction of a bundle P with structure group H and base manifold
The bundle P will be equipped with a Cartan connection with values in the Lie algebra of the projective group, which makes the bundle P completely parallelisable. We will show that such a connection exists and is unique if certain curvature conditions are imposed. The Cartan connection identifies the tangent space T x (M) for each x ∈ M with the vectorspace L(IR lo , IR ko ). Identifying L(IR lo , IR ko ) with V = IR mo , the group H acts on V to the first order as
−1 / exp tI no properly embedded in Gl(m o ). Letg 0 denote the Lie algebra of this group, which is seen as a subspace of V ⊗ V * . We prove that if k o ≥ 2 and l o ≥ 2, the Lie algebra h of H, as subspace of V ⊗ V * , is the first prolongation of the Lie algebrag 0 . Moreover the second prolongation equals zero.
The action of H on V allows to define a homomorphism of P into the second order framebundle F 2 (M). The image, Gr(k o , l o )(M), is called a Grassmannian structure on M. From the previous algebraic considerations it follows that a Grassmannian structure on a manifold is equivalent with a reduction of the framebundle F 1 (M) to a subbundle B (ko,lo) (M) with the structure group G o . A Grassmannian connection from this point of view, is an equivalence class of symmetric affine connections, all of which are adapted to a subbundle of F 1 (M) with structure group G o . The action of G o in each fibre is defined by a local section σ : x ∈ M → F 1 (M)(x) together with an identification of T x (M) with M(k o , l o ). This result explains in terms of G-structures the well known fact that the structure group of the tangent bundle on a Grassmannian, G(l o , n o ), reduces to Gl(k o ) × Gl(l o ) [6] . The consequences for the geometry and tensoralgebra are partly examined in the last paragraph, but will be studied in a future publication.
We remark that as a consequence of the algebraic structure the above defined structure is called Grassmannian if 
σ(X)) .σ(Y ) + (µ .σ(Y )) .σ(X)].
Because µ ∈ M(l o , k o ) andσ(X)(x) ∈ M(k o , l o ), for X ∈ X(U), the term (µ .σ(X)(x)), as composition of matices, is an element of
Analogous to the projective case we will construct a canonical normal Grassmannian connection and calculate the expression of the coefficients with respect to an adapted frame. The curvature of the Grassmannian structure is given by the forms Ω 
and hence determine the Grassmannian curvature tensor, whose local components are given by 
Grassmannians

A. Projective Group Actions
where I is any subset of length k o of {1, 2, · · · , n o } and S I the subspace of dimension k o spanned by the coordinates (
be the natural coordinates on IR no . For simplicity we will choose a rearrangement of the coordinates such that S is given by the condition
be the space of (n o × l o ) matrices (n o rows and l o columns). Any element may be considered as l o linearly independent vectors in IR no . Hence each
We get a natural projection
which is a principal fibration over U(S) with structure group Gl(l o ). Representing the coordinate system on M(n o , l o ) by a matrix Z, the big cell U(S) is coordinatised as follows. If Z ∈ M(n o , l o ), we will write
The coordinates are obtained byZ
where we assumed Z 0 to be of maximal rank.
In terms of its elements we get 
which are the local coordinates on the cell. In the sequel we will identify the cel
. On a big cell the action of P l(n o ) is induced from the action of Gl(n o ) on Z on the left. Let β be in Gl(n o ). In matrix representation we write β as :
with
The local action of an open neighbourhood of the identity in the subset of Gl(n o ) defined by det β 00 = 0 on M(k o , l o ) is given in fractional form by
Because the elements of the center of Gl(n o ) are in the kernel of φ β this action induces an action of an open neighbourhood of the identity in P l(n o ). In terms of the coordinates and using the notation
we find the Taylor expression
Consequences :
(a) The orbit of the origin of the coordinates in M(k o , l o ), is locally given by (0) →
with β 00 ∈ Gl(l o ) and β 11 ∈ Gl(k o ). The subgroup H in Taylor form is given bȳ
B. The Maurer Cartan Equations
Let (u 
Passing to the quotient Gl(n o )/ exp t.I no we find the Maurer Cartan equations on P l(n o ).
Proposition 2.1 The Maurer Cartan equations on
Remark that ω i i = ω a a = 0. The Lie algebra of P l(n o ), g, in this representation is found by taking the tangent space at the identity, W , to the submanifold in Gl(n o ) defined by (det β 00 ) k (det β 11 ) l = 1. The quotient of the algebra of left invariant vectorfields, originated from W , by the vectorfield exp t.I no determines the Lie algebra structure. The vectorspace for this Lie algebra is formed by the direct sum
where
Let x ∈ g −1 , * y ∈ g 1 and (u, v) ∈ g 0 , the induced brackets on this vector space are :
[x,
Id no denotes the identity on IR lo ⊕ IR ko .
C. Representations and prolongation
We will use the following identifications :
We introduce the following two subgroups.
(
Let (A, B) and (A , B ) be elements in
Multiplication in the group yields
We will intoduce the following notations
which we will use throughout this paper. We also will use κ for κ o ς.
which proves the following proposition. 
Proposition 2.2 The morphism
It is a direct consequence of proposition [(2.
2)] that this Lie algebra,g 0 , is isomorphic to g 0 . The isomorphism is induced from 
A subspace of V * ⊗ V is called of finite type ifg (k) = 0 for some (and hence all larger) k and otherwise of infinite type. We refer to [10] [1] [8] for the details.
We then have the following theorem. (2) = 0 and the algebra V ⊕g 0 ⊕g (1) is isomorphic to the algebra
In order to prove the theorem we will make use of the representation ofg 0 into the linear polynomial vectorfields on V . Let (x α ) be the coordinates on V . Define the subalgebra g 0 as the set of vectorfields
If
1 is the algebra of projective transformations on IR mo [11] . Hence g 0 =g 0 = gl(m o ), from which it follows that the algebra V ⊕g 0 is of infinite type. We assume from now on k o and l o to be different from 1. The second prolongatioñ g (2) is zero as a consequence of a classification theorem by Matsushima [7] [8] or by a direct calculation fromg (1) once this is derived. Before proving the theorem we will prove the following lemmas.
Lemma 2.1 Any second order vectorfield
∈ V the bracket with any homogeneous second order vectorfield 
Because the set of all formal vectorfields on V is a Lie algebra, we can consider the Jacobi identity As a consequence of both lemmas we are able to write the algebra V ⊕g 0 ⊕g (1) as the vectorspace L spanned by the vectorfields
We find the following proposition.
Proposition 2.4 Both Lie algebras L and g are isomorphic. The isomorphism
This proposition together with both lemmas proves the theorem.
The Cartan connections
A. The structure equations
Let P be a principal bundle, of dimension n
, over M with fibre group H, the isotropy group [(5)]. We then have dim P/H = k o l o . The right action of H on P is denoted as R a , for a ∈ H, while ad stands for the adjoint representation of H on the Lie algebra g = pl(n o ). Every A ∈ h induces in a natural manner a vectorfield A , called fundamental vectorfield, on P as a consequence of the action of H on P . The vectorfield A obviously is a vertical vectorfield on P .
A Cartan connection on P is a 1-form ω on P , with values in the Lie algebra g, such that :
The form ω defines for each x ∈ P an isomorphism of T x P with g. Hence the space P is globally parallelisable.
In terms of the natural basis in matrix representation of pl(n o ) as given in [(10)] and [ (11) 
The structure equations of Cartan on P are now defined as
with ω 
such that :
Proof
The existence of a Cartan connection satisfying the given conditions follows from a classical construction using the partition of unity. Because the manifold is supposed to be paracompact there exists a locally finite cover {U α } of M such that P (U α ) is trivial, for each α. Let {(f α , U α )} then be a subordinate partition of unity. If for each α the form ω α is a Cartan connection on P (U α ) with prescribed (ω
Hence the problem is reduced to a local problem for a trivial P . Let σ : U ⊂ M → P be a local section we define the 1-form ω We will prove the existence of a Cartan connection satisfying the required conditions [(25)] by means of a set of propositions. 
Proposition 3.3 Let ω be a Cartan connection on P . Then there exists a Cartan
Equation [(22, (5))] then yields
As follows directly from this equation two Cartan connections satisfying the curvature condition Ω * = 0 are related byω 
Proposition 3.4 Let ω be a Cartan connection on P satisfying condition Ω * = 0. Then the Bianchi identities [(24)] become
(1) K klm jcb δ a d + K alm dcb δ k j + K mkl jdc δ a b + K akl bdc δ m j + K lmk jbd δ a c + K amk abd δ l j = 0 (2) K ikl acb + K lik bac + K kli cba = 0.(26
Proposition 3.5 Let ω be a Cartan connection on P satisfying Ω * = 0. Then there exists a unique Cartan connection satisfying the curvature conditions [(25)].
Proof
It is sufficient to consider the class of Cartan connections determined by the condition Ω * = 0. Two such connections are related bȳ
Summation on the indices l and j gives :
From [(22),(3)] we derive in a similar way the following equation :
Contraction on d and c yields
From the lemma [(3.1)] we know that the expression
we define A ik ab such that
Or 
and
From equation [(35) ] one finds
While from equation [(36)] one has
Combining the two equations gives 
The group G r (m o ) acts on F r (M) on the right :
The Lie algebra of G r (m o ) will be denoted by g r (m o ). We mainly will be interested in the bundle of 2-frames on M. Let (x α ) be some local coordinates on M andx α the natural coordinates on IR mo . A 2-frame u then is given by u = j
we get a set of local coordinates ( 
while the action of
Let
be a basis for the Lie algebra of affine transformations on IR mo . The canonical one form θ on F 2 (M), which we write as
is given in local coordinates by (with v α β is the inverse matrix of u α β ) [4] :
Because the group
, we have the following proposition [3] :
The canonical form satisfies the structure equation [4] :
B. The Grassmannian bundle
We will now define a subbundle of F 2 (M) which is isomorphic with the bundle P . In this section we use the identification IR ko×lo ς = IR mo .
Proposition 4.2 The embedding
H → G 2 (m o ), m o = k o l o , defined by β i j , β a b , β k c → s α β ς = α i j β a b s α β γ ς = − β a b α l j γ lc α i k + β a c α l k γ lb α i j ,(44)with α = (a − 1)l o + j, β = (b − 1)l o + j, γ = (c − 1)l o + k and α i j = τ β −1 i j , γ kc = β k c ,
is a group morphism. LetH designate image of the embedding in
G 2 (m o ).
Proof
The multiplication in H yields Proposition [(4.
2)] together with some classical results in bundle theory [9] proves the following theorem.
Theorem 4.1 Let P be a H-bundle over M. Then there exists a Gr(k
Moreover this structure has vanishing second prolongation.
Proof
Let B (ko,lo) (M) be any subbundle of F 1 (M) with structure group G o . The first prolongation of B (ko,lo) (M) is a subbundle of F 2 (M) with structure group the semi direct product of G o and the group of automorphisms of V IR mo generated by the Lie algebrag (1) [10] . Hence the first prolongation is a Gr( We refer to S. Sternberg [10] for a detailled exposition of the relationship between connections on G structures and prolongations. In particular the set of adapted symmetric connections is parametrised by the first prolongation of the Lie algebrã g (1) . To make this clear we first need the following lemma on symmetric affine connections.
Lemma 4.1 Let
be an affine symmetric connection. Then there exists a canonical homomorphismΓ :
Proof
For a proof we refer to [5] . In local coordinates the map Γ is given bỹ
Remark thatΓ 
In terms of local coordinates on M and taking the identification ς directly into account, a 2-frame is given by
Let σ be a local section of F 1 (M), then σ is given by the functions
The fundamental form along σ becomes
while the connection form with respect to a givenΓ ∈ Φ(B (ko,lo) (M) is
The formθ 
The difference (θ
and hence defines an element in g (1) . This implies that at x ∈ M : We find along the section σ :
From the theorem [(2.1)] and equation [(54) ] it follows that for any two of such connection forms there exists an element u bk such that
Because the first prolongationg (1) can be identified with M(l o , k o ) this describes the parametrisation of the set of adapted connections. This allows us to formulate the following theorem.
Theorem 4.3 Let
forms a Grassmannian structure on M.
Consequences : equivalent with a B (ko,lo) (M) together with its set of adapted connections.
As alternative formulation of former theorem we have : 
C. The normal Grassmannian connection coefficients
We will now investigate the coefficients of a normal Grassmannian connection in terms of an adapted frame and give an expression of the normal Grassmannian curvature tensor. 
As a consequence of theorem [(3.1)] there exists a unique normal connection form 
Proof
Any section ν may be decomposed into a section σ of B (ko,lo) (M) and a section ϑ : 
with u bk a function on U. Or also 
The unicity follows from the same calculations. 
. A simple substitution then yields the unicity.
The theorem allows us to introduce the normal Grassmannian connection coefficients. We set This gives
Let M be equipped with an adapted symmetric affine connection on B (ko,lo) (M). We define the coefficients (γ 
Or∇
Using this expression we find We define the splitting of the coefficients γ into the trace free parts and the trace part as (γ We call a Grassmannian structure on M locally flat if the structure has vanishing structure constants, which means that the structure is locally isomorphic with a flat structure [2] . The flat structure here means the structure of a Grassmannian. As a consequence of proposition [(3.7)] and because the dimension of the manifold admitting a Grassmannian structure is larger than 3, we have Theorem 4.6 A Grassmannian structure on M is locally flat iff the Grassmannian curvature equals zero.
